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Abstract
In this paper, we introduce a new variation of the Teichmu¨ller space, namely the deformation space
of hyperbolic structures on the surface with both enhancement and decoration. We construct
the parameterization of this deformation space, which is a common generalization of the shear
coordinates and the λ-length coordinates.
1 Introduction
Let S be an oriented connected compact surface of genus g ≥ 0 with c ≥ 0 boundary components.
Remove p ≥ 0 points (puncture vertices) from the interior of S, and s ≥ 0 points (spike vertices) from
the boundaries of S. Throughout we assume that all boundary components have at least one spike
vertex and that 4− 4g − 2p− 2c− s < 0. Then S has a hyperbolic structure with crowns.
The enhancement is information about signs of the lengths of the closed geodesic boundaries (see
§2.2). The decoration is a collection of horocycles centered at the cusps and spikes, and equidistant
curves at the closed geodesic boundary components (see §2.3 and §3.1). In this paper, we define the
decorated enhanced Teichmu¨ller space T ax(S) of S as the deformation space of the hyperbolic surfaces
with the marking, the enhancement and the decoration.
Let Γ be a triangulation obtained by connecting the p + s vertices on S, V denote the set of the
vertices, V i denote the set of the puncture vertices, E denote the set of the edges, and Ei denote the
set of the interior edges which are in the interior of S. The shear parameter at an interior edge is the
signed gap of gluing the ideal triangles at the edge. It is well known that the enhanced Teichmu¨ller
space T x(S) of S is parameterized by the shear coordinates (Proposition 2.8 in §2.2) [4]:
ϕx : T x(S) homeo.−−−−→ REi .
In this paper, we introduce the decoration parameters for boundary components. The following theo-
rem yields a parameterization of the decorated enhanced Teichmu¨ller space of S.
Theorem A. (Theorem 3.5 in §3.2) The map
ψx : T ax(S)→ REi × RV
defined by the shear parameters and the decoration parameters is a homeomorphism.
The λ-length of an edge is the signed length between the horocycles corresponding to its endpoints.
It is well known that the decorated Teichmu¨ller space T a0 (S) of S is parameterized by the λ-length
coordinates (Proposition 2.12 in §2.3) [4]:
ϕa : T a0 (S) homeo.−−−−→ RE .
In this paper, we calculate the relation between the shearing and the λ-length:
ψ : RE
i × RV → RE × RV i ,
and consider the generalized λ-length coordinates of the decorated enhanced Teichmu¨ller space. If S
has a spike, there is a triangulation whose puncture vertices are 1-valent. For such a triangulation, we
show the following main theorem.
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Theorem B. (Theorem 4.4 in §4.2) Let Γ0 be a triangulation whose puncture vertices are 1-valent.
Then the map
ψa : T ax(S)→ RE(Γ0) × RV i
defined by the λ-lengths and the sighed boundary lengths is a homeomorphism.
This theorem yields a parameterization of the decorated enhanced Teichmu¨ller space of S.
Figure 1: The commutative diagram describing that T ax(S) is a common generalization of T x(S) and
T a0 (S).
The organization of this paper is as follows. In §2, we review the definition of generalized Te-
ichmu¨ller spaces. §3.1 is the definition of the decorated enhanced Teichmu¨ller space. In §3.2, we define
the decoration parameters and research the property of them. §4.1 is the calculation from generalized
shear coordinates, and §4.2 is the construction the inverse map on the assumption that puncture ver-
tices are 1-valent. In §4.3, we note that this assumption is only a sufficient condition for the generalized
λ-length coordinates.
2 Generalized Teichmu¨ller spaces
In this chapter, we introduce the Teichmu¨ller space and its variations. These generalized Teichmu¨ller
spaces have the coordinate spaces, which will be generalized to the coordinate space of the decorated
enhanced Teichmu¨ller space.
2.1 Teichmu¨ller spaces
In this section, we introduce the terminologies and the symbols used in this paper. We will define the
standard deformation space of the marked hyperbolic surfaces, which is called the Teichmu¨ller space.
Let Sˆ be an oriented connected compact surface of genus g ≥ 0 with c ≥ 0 boundary components.
Take p ≥ 0 interior marked points and s ≥ 0 boundary marked points on Sˆ. Let V i denote the set of
the interior marked points, V b denote the set of the boundary marked points, and V be the union of
V i and V b. The surface S = Sˆ \ V is the reference surface of the hyperbolic surfaces. A point of V i is
called a puncture, a point of V b is called a spike, and a boundary component of Sˆ is called a crown of
S. We assume that all crowns have at least one spike and that 4− 4g − 2p− 2c− s < 0. Then S has
a hyperbolic structure with crowns.
Definition 2.1. (Hyperbolic surfaces) Let X be a complete 2-dimensional hyperbolic Riemannian
manifold with totally geodesic boundaries. X is called a hyperbolic surface of the reference surface S
if X has a finite area and the subsurface X˚ of X obtained by removing all closed geodesic boundaries
is homeomorphic to S.
A hyperbolic surface X may have cusps, closed geodesic boundaries and crowns that are composed
of asymptotic infinite geodesic boundaries, and X has no funnels (Figure 2).
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Figure 2: A reference surface (left) and a hyperbolic surface (right).
Definition 2.2. (Triangulations) A graph Γ on Sˆ is called a triangulation of S if the vertex set of Γ
is V and each component of the complement of Γ is a triangle bounded by 3 vertices and 3 edges.
A triangulation Γ of S makes an ideal triangulation of X. Map the edges of Γ by a homeomor-
phism from S to X˚ and deform them homotopically to be geodesics, then an ideal triangulation is
obtained. This ideal triangulation depends on the homeomorphism (that are the markings of X) and
the deformations (that are the enhancements of X) around the closed geodesic boundaries (Figure 3).
Figure 3: Ideal triangulations depend on the marking fi : S → X˚ and the enhancement εi.
Definition 2.3. (Markings) An orientation preserving homeomorphism f : S → X˚ is called a marking
of X and a pair (X, f) is called a marked hyperbolic surface of S.
Marked hyperbolic surfaces (X1, f1), (X2, f2) are Teichmu¨ller equivalent and denoted by (X1, f1) ∼T
(X2, f2), if there is an orientation preserving isometry ϕ from X1 to X2 such that the maps ϕ ◦ f1, f2
are homotopic. Let define the deformation space of the marked hyperbolic structures on S.
Definition 2.4. (Teichmu¨ller spaces) The set of Teichmu¨ller equivalence classes of marked hyperbolic
surfaces of S is called the Teichmu¨ller space of S, which is denoted by T (S).
Sometimes the Teichmu¨ller space means the quotient space of the marked hyperbolic surfaces
without closed geodesic boundaries. To avoid confusion, this is denoted by T0(S) in this paper.
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2.2 Enhanced Teichmu¨ller spaces
In this section, we consider an additional information on the closed geodesic boundaries of the hyper-
bolic surfaces, which is called the enhancement. We will define the deformation space respecting the
marking and the enhancement, and construct the shear coordinates of this space.
Definition 2.5. (Enhancements) Let f be a marking of X and P (X) denote the collection of the
cusps and the closed geodesic boundaries of X. A map ε : P (X)→ {0,±1} is called an enhancement
of X if it maps cusps to 0 and maps closed geodesic boundaries to ±1. Then a triplet (X, f, ε) is called
an enhanced marked hyperbolic surface of S.
Enhanced marked hyperbolic surfaces (X1, f1, ε1), (X2, f2, ε2) are enhanced equivalent and denoted
by (X1, f1, ε1) ∼E (X2, f2, ε2), if (X1, f1) ∼T (X2, f2) and ε2 ◦ ϕ∗ = ε1 where the map ϕ∗ is induced
from the isometry ϕ preserving the marking. Since the enhancement is thought of as the signs of the
lengths of the closed geodesic boundaries and cusps are regarded as the closed geodesic boundaries
whose length are 0, the enhancement at the cusps can be ignored. Let us define the deformation space
of the marked hyperbolic structures with the enhancement on S.
Definition 2.6. (Enhanced Teichmu¨ller spaces) The set of enhanced equivalence classes of enhanced
marked hyperbolic surfaces of S is called the enhanced Teichmu¨ller space of S, which is denoted by
T x(S) = {Enhanced marked hyperbolic surfaces of S}/ ∼E .
For a map ε0 : V
i → {0,±1}, let
T xε0(S) = {[X, f, ε] ∈ T x(S) | ε(Cv) = ε0(v) or 0 for all v ∈ V i},
where Cv is the cusp or the closed geodesic boundary corresponding to v. T xε0(S) is identified with T0(S)
if ε0(V
i) = {0}, and T xε0(S) is identified with T (S) if ε0(V i) = {±1} by forgetting the enhancement.
For maps ε1, ε2 : V
i → {±1}, T xε1(S) and T xε2(S) are glued along the subspace T x1
2 (ε1+ε2)
(S) in T x(S).
Definition 2.7. (Shear parameters) Consider an interior edge e of a triangulation Γ. Then T, T ′
denote the triangles which have e as a boundary, v1, v2, v3 denote the vertices of T , v3, v4, v1 denote
the vertices of T ′, and lift them to the upper half plane H2. The foot of the perpendicular from v˜2 to
e˜ is called the base point of e˜ with respect to T˜ . The signed length along e˜ from the base point b of e˜
with respect to T˜ to the base point b′ of e˜ with respect to T˜ ′ is called the shear parameter of e, where
the direction respects to the orientation of the boundary of T˜ (Figure 4).
The enhancement of a puncture vertex v is thought of as the direction of the spiral of the edges
which have v as endpoints. In Figure 3, the enhancement εi maps the closed geodesic boundary to the
sign (−1)i−1. The enhancement of v appears as the sign of the sum of the shear parameters of the
edges which have v as endpoints (Proposition 4.2), however the shear parameters of the edges which
have v as both of the endpoints are added two times.
It is known that the enhanced Teichmu¨ller space is parametrized by the shearing parameters (§4.1
in [4]).
Proposition 2.8. [4](Shear coordinates) Let Γ be a triangulation of S. Then the map
T x(S)→ REi(Γ)
defined by the shear parameters of the interior edges of Γ is a homeomorphism, where Ei(Γ) is the set
of the interior edges of Γ.
These coordinates are called the shear coordinates and we give T x(S) the differential structure of
the coordinate space REi(Γ).
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Figure 4: The shear parameter xe of an edge e and the base point b of e˜ with respect to T˜ .
2.3 Decorated Teichmu¨ller spaces
In this section, we consider another information on the ends of the hyperbolic surfaces, which is called
the decoration. We will define the deformation space respecting the marking and the decoration, and
construct the λ-length coordinates of this space.
Suppose that hyperbolic surfaces in this section have no closed geodesic boundaries, and let X be
a hyperbolic surface. For a puncture (or spike) vertex v, lift the cusp (or the spike) Cv corresponding
to v to the ideal point of the hyperbolic plane, and take a horocycle centered at the lift of Cv. The
projection of the horocycle to X is called a horocycle (or a horocyclic arc) around Cv. A decoration
curve of v is a horocycle centered at the cusp or a horocyclic arc centered at the spike corresponding
to v. If a decoration curve of v is a horocyclic arc, its endpoints are in the infinite geodesic boundaries
which are asymptotic to the spike corresponding to v.
A only part of the horocycle may be contained in X. For example, on the once punctured monogon
in the left of Figure 5, the decoration curve γ1 of v1 is a part of horocycle. We define the length of the
decoration curve as the length of the reconstructed horocycle. Glue the hyperbolic half planes along
the infinite geodesic boundaries which intersects the decoration curve, and reconstruct the decoration
curve by adding the horocyclic arcs on the glued half planes. Horocyclic arcs around spikes are regarded
as the part of horocycles in half. For example, on the ideal triangle in the right of Figure 5, the length
of the decoration curve γ1 of v1 is the double of the length of the horocyclic arc γ1 (Figure 5).
Definition 2.9. (Decorations) Let f be a marking of X and D =
⋃
v∈V γv be the union of the
decoration curves γv around the cusps or the spikes corresponding to the vertices v. Then D is called
a decoration of X and a triplet (X, f,D) is called a decorated marked hyperbolic surface of S.
Decorated marked hyperbolic surfaces (X1, f1, D1), (X2, f2, D2) are decorated equivalent and de-
noted by (X1, f1, D1) ∼D (X2, f2, D2), if (X1, f1) ∼T (X2, f2) and ϕ(D1) = D2 where ϕ is the isometry
preserving the marking. Let us define the deformation space of the marked hyperbolic structures with
the decoration on S.
Definition 2.10. (Decorated Teichmu¨ller spaces) The set of decorated equivalence classes of decorated
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Figure 5: A part of horocycle (left), a horocyclic arc (right) and their reconstructing.
marked hyperbolic surfaces of S is called the decorated Teichmu¨ller space of S, which is denoted by
T a0 (S) = {Decorated marked hyperbolic surfaces of S
without closed geodesic boundaries}/ ∼D .
Definition 2.11. (λ-lengths) Consider an edge e of a triangulation Γ. Then T, T ′ denote the triangles
which have e as a boundary, v1, v2, v3 denote the vertices of T . Let γ1, γ3 be the decoration curves
of v1, v3, respectively. Lift them to the upper half plane H2. The signed length along e˜ from the
intersection with γ˜3 to the base point of e˜ with respect to T˜ is called the λ-length of the half-edge h of
e which has v3 as the endpoint, where the direction respects to the orientation of the boundary of T˜ .
Take a point p on e˜, and the sum of two signed lengths along e˜ from the intersection with γ˜3 and γ˜1 to
p is called the λ-length of the edge e, where the directions respect to the orientations of the boundaries
of T˜ and T˜ ′, respectively (Figure 6).
Figure 6: The λ-length ae of an edge e and the λ-length ah of a half-edge h.
It is known that the decorated Teichmu¨ller space is parametrized by the λ-length parameters (§4.2
in [4]).
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Proposition 2.12. [4](λ-length coordinates) Let Γ be a triangulation of S. Then the map
T a0 (S)→ RE(Γ)
defined by the λ-lengths of the edges of Γ is a homeomorphism, where E(Γ) is the set of the edges of
Γ.
These coordinates are called the λ-length coordinates and we give T a0 (S) the differential structure
of the coordinate space RE(Γ).
3 Decorated enhanced Teichmu¨ller spaces
In this chapter, we consider both of the additional informations which is introduced before. We
will define the deformation space respecting the marking, the enhancement and the decoration, and
construct the shear-decoration coordinates of this space. This naturally generalized coordinates are
obtained by adding the decoration parameters.
3.1 Decorated enhanced Teichmu¨ller spaces
The decorated enhanced Teichmu¨ller space is the quotient space of the enhanced marked hyperbolic
surfaces which have the decorations. We need to define the decoration curves around the closed geodesic
boundaries.
Let X be a hyperbolic surface. For a puncture vertex v, lift the closed geodesic boundary ∂v
corresponding to v to the hyperbolic plane, and take a curve on X˜ which is equidistant from a lift ∂˜v
of ∂v. The projection of the equidistant curve to X is called an equidistant curve around ∂v. Suppose
that equidistant curves in this paper have positive distance from the corresponding closed geodesic
boundaries. The same as horocycles, decoration curves may be parts of equidistant curves. The length
of the part of equidistant curve is defined as the length of the reconstructed curve.
Proposition 3.1. (The limit of the equidistant curves) Let v be a puncture vertex of S and Xl be
an hyperbolic surface of reference surface S whose closed geodesic boundary ∂l corresponding to v has
length l. Let r be a positive number and γl be the length r equidistant curve on Xl around ∂l. Then
γl converges to the horocycle of length r around the cusp C corresponding to v when l tends to 0.
Proof. Lift ∂l and γl to the upper half plane H2, and we can suppose that a lift ∂˜l of ∂l and a lift γ˜l
of γl have − 1l and ∞ as the common endpoints (Figure 7). Then hl denotes the hyperbolic isometry
of H2 corresponding to v and
hl =
(
e
l
2
1
l (e
l
2 − e− l2 )
0 e−
l
2
)
l→0−−→
(
1 1
0 1
)
=: h0.
The limit h0 is the parabolic isometry of H2 corresponding to v and the limit of ∂l is the cusp
corresponding to v.
Let θ denote the angle of ∂˜l and γ˜l. Take a parametrized curve z(t) = (e
l − 1)ei(pi2−θ)t+ ei(pi2−θ) −
1
l (0 ≤ t ≤ 1) and calculate r by the line integral
r =
∫ 1
0
1
y(t)
√(
dx
dt
)2
+
(
dy
dt
)2
=
l
cos θ
.
Then, the curve γ˜l is expressed as follows:
γ˜l : y =
l√
r2 − l2x+
1√
r2 − l2
l→0−−→ γ˜0 : y = 1
r
.
Consequently, the limit curve of γl is the projection γ0 of γ˜0 and the length of γ0 is r.
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Figure 7: The lift of an equidistant curve (left) and its limit (right).
As seen from this proposition, equidistant curves have a role as the horocycles for the closed geodesic
boundaries. For a vertex v, a decoration curve of v is a horocycle around the cusp, a horocyclic arc
around the spike or an equidistant curve around the closed geodesic boundary corresponding to v.
Definition 3.2. (Generalized decorations) Let f be a marking of X, ε be an enhancement of X, and
D =
⋃
v∈V γv be the union of the decoration curves γv around the cusps, the spikes or the closed
geodesic boundaries corresponding to the vertices v. Then D is called a decoration of X and a quartet
(X, f, ε,D) is called a decorated enhanced marked hyperbolic surface.
Decorated enhanced marked hyperbolic surfaces (X1, f1, ε1, D1), (X2, f2, ε2, D2) are decorated en-
hanced equivalent and denoted by (X1, f1, ε1, D1) ∼DE (X2, f2, ε2, D2), if (X1, f1, ε1) ∼E (X2, f2, ε2)
and (X1, f1, D1) ∼D (X2, f2, D2). Let us define the deformation space of the marked hyperbolic
structures with the enhancement and the decoration on S.
Definition 3.3. (Decorated enhanced Teichmu¨ller spaces) The set of decorated enhanced equiva-
lence classes of decorated enhanced marked hyperbolic surfaces of S is called the decorated enhanced
Teichmu¨ller space of S, which is denoted by
T ax(S) = {Decorated enhanced marked hyperbolic surfaces of S}/ ∼DE .
Since the decoration is determined by the lengths of the decoration curves, there is an injection:
T ax(S) 3 [X, f, ε,D] 7→ ([X, f, ε], (rv)v∈V ) ∈ T x(S)× RV ,
where rv is the length of the decoration curve corresponding to the vertex v. We give T ax(S) the
differential structure of the product structure of T x(S)× RV .
3.2 Decoration parameters
In this section, we define the decoration parameters of the decorated enhanced marked hyperbolic
surfaces, and construct the generalized shear coordinates of the decorated enhanced Teichmu¨ller space.
Let v be a vertex. The set of the decoration curves of v can be parametrized by their length,
however this parameter has a lower bound which depends on the length of the boundary component
corresponding to v. We define new parameters of the decoration.
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Definition 3.4. (Decoration parameters) If the length of the decoration curve corresponding to v is
rv, the decoration parameter dv of v is defined as follows:
dv =
{
− 12 log(r2v − l2v) + log lvsinh lv2 (v corresponds to a closed geodesic boundary)− log rv + log 2 (v corresponds to a cusp or a spike),
where lv is the length of the closed geodesic boundary corresponding to v.
The cusp is thought of as the closed geodesic boundary whose length is 0. For the length rv of
the decoration curve of a vertex v, we observe that the decoration parameter dv(rv) converges to
− log rv + log 2 when lv tends to 0.
By the decoration parameters, we obtain the generalized shear coordinates of the decorated en-
hanced Teichmu¨ller space.
Theorem 3.5. (Shear-decoration coordinates) Let Γ be a triangulation of S. Then the decorated
enhanced Teichmu¨ller space T ax(S) of S is parametrized by the shear parameters of the interior edges
of Γ and the decoration parameters of the vertices. Namely, the parameters give a homeomorphism:
T ax(S)→ REi(Γ) × RV .
Proof. Let us regard T ax(S) as the subset of REi(Γ)×RV by the shear parameters of the interior edges
of Γ and and the lengths of the decoration curves of the vertices. We show that the map
ϕ : T ax(S) 3 ((xe)e∈Ei(Γ), (rv)v∈V ) 7→ ((xe)e∈Ei(Γ), (dv)v∈V ) ∈ RE
i(Γ) × RV
is a diffeomorphism.
Let v be a vertex. If v is corresponding to a closed geodesic boundary, the range of the length of
the decoration curve of v is the interval (lv,∞) and dv is the diffeomorphism from (lv,∞) to R, where
lv is the length of the closed geodesic boundary corresponding to v. If v is corresponding to a cusp
or a spike, the range of the length of the decoration curve of v is the interval (0,∞) and dv is the
diffeomorphism from (0,∞) to R. Therefore, ϕ is a bijection.
Consider the Jacobian matrix Dϕ of ϕ. We can calculate the components:
∂xei
∂xej
=
{
1 (ei = ej)
0 (ei 6= ej),
∂xei
∂rvj
= 0,
∂dvi
∂rvj
=

− rvir2vi−l2vi (vi = vj corresponds to a closed geodesic boundary)− 1rvi (vi = vj corresponds to a cusp or a spike)
0 (vi 6= vj),
(1)
and Dϕ is a lower triangular matrix. Consequently, ϕ is a locally diffeomorphism, hence a diffeomor-
phism.
These coordinates are called the shear-decoration coordinates.
Proposition 3.6. (The differential of λ-lengths by decoration parameters) Let v be a vertex and h
be a half-edge which has v as the vertex. Then,
dah
ddv
= 1.
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Proof. First, suppose that v is corresponding to a closed geodesic boundary ∂v. Let lv denote the
length of ∂v and γv be an equidistant curve of ∂v. Lift them to the upper half plane H2 such that a
lift ∂˜v of ∂v and a lift γ˜v of γv have 0 and ∞ as their common endpoints (Figure 8). Let w denote the
distance from ∂v to γv, rv denote the length of γv, and θ denote the angle of ∂˜v and γ˜v at 0. Take a
parametrized curve z(t) = eit (pi2 − θ ≤ t ≤ pi2 ) and calculate w by the line integral
w =
∫ pi
2
pi
2−θ
1
y(t)
√(
dx
dt
)2
+
(
dy
dt
)2
= log
1 + sin θ
cos θ
. (2)
Take a parametrized curve z(t) = (elv − 1)ei(pi2−θ)t + ei(pi2−θ) (0 ≤ t ≤ 1) and calculate r by the line
integral
rv =
∫ 1
0
1
y(t)
√(
dx
dt
)2
+
(
dy
dt
)2
=
lv
cos θ
. (3)
By Equations (2) and (3), it is immediately follows that
rv = lv coshw. (4)
Let ge be the geodesic corresponding to the edge e which has h as a half-edge. There is a lift g˜e of ge
which has ∞ as an endpoint (Figure 8). Similarly, the other endpoint x ∈ R of g˜e is corresponding to
the other endpoint v′ ∈ V of e. g˜e intersects γ˜v at x + |x|tan θ i. The λ-length ah of the half-edge h is
the length between the intersection and the base point. We consider the infinitesimal deformation of
rv. If rv increases, θ increases, the imaginary part of the intersection of g˜e and γ˜v decreases, and ah
decreases. The change of the amount of ah is
4ah = log tan θ
tan(θ +4θ) =
1
2
log
r2v − l2v
(rv +4rv)2 − l2v
.
Then the differential of ah by r is
dah
drv
= − rv
r2v − l2v
.
Second, suppose that v is corresponding to a cusp. Let Cv denote the cusp corresponding to v and
γv be a horocycle. Lift them to the upper half plane H2 such that a lift C˜v of Cv is at ∞ (Figure 9).
Then there is a lift γ˜v of γv which is parallel to the real axis. Let ge be the geodesic corresponding to
the edge e which has h as a half-edge. There is a lift g˜e of ge which has ∞ as an endpoint and we can
suppose that g˜e and fv(g˜e) have 0 and 1 as the other endpoint, respectively, where fv is the parabolic
isometry of H2 corresponding to Cv. Let y denote the imaginary part of γ˜v. Take a parameterized
curve z(t) = t+ iy (0 ≤ t ≤ 1) and calculate the length rv of γv by the line integral
rv =
∫ 1
0
1
y(t)
√(
dx
dt
)2
+
(
dy
dt
)2
=
1
y
. (5)
We consider the λ-length ah of the half-edge h for the infinitesimal deformation of rv. If rv increases,
the imaginary part y of the intersection of g˜e and γ˜v decreases, and ah decreases. The change of the
amount of ah is
4ah = log y +4y
y
= log
rv
rv +4rv .
Then the differential of ah by rv is
dah
drv
= − 1
rv
.
Finally, suppose that v is corresponding to a spike. This case is similar to the case of the cusps.
Let Cv denote the spike corresponding to v and γv be a horocyclic arc. Lift them to the upper half
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Figure 8: The relation between 4θ and 4ah for the case of closed geodesic boundaries.
plane H2 such that a lift C˜v of Cv is at ∞ (Figure 9). Then there is a lift γ˜v of γv which is parallel to
the real axis. Let g0 and g1 denote the infinite geodesic boundaries of X ending at Cv, there are lifts
g˜0 of g0 and g˜1 of g1 which have ∞ as an endpoint, and we can suppose that g˜0 and g˜1 have 0 and 1
as the other endpoint, respectively. Let ge be the geodesic corresponding to the edge e which has h as
a half-edge, then there is a lift g˜e of ge which has ∞ as an endpoint. Let y be the imaginary part of
γ˜v. Take care not to forget to double the length of the horocyclic arc and calculate the length r of γv
by the line integral
rv = 2
∫ 1
0
1
y(t)
√(
dx
dt
)2
+
(
dy
dt
)2
=
2
y
. (6)
By the same calculation as the case of the cusps, the differential of the λ-length ah of the half-edge h
by rv is
dah
drv
= − 1
rv
.
In comparison with Equation (1), the assigned equation follows.
The λ-length ah of a half-edge h which does not have a vertex v as the endpoint is independent of
the decoration parameter dv of v. Then, we have that
dah
ddv
= 0
if h is such a half-edge.
In the remains of this section, we research the origins of the decoration parameters. Decoration
curves are the boundaries of the neighborhoods of cusps, spikes or closed geodesic boundaries. It is
known that there exist special neighborhoods of closed geodesic boundaries (Theorem 4.1.1 in [3]).
Lemma 3.7. [3](Collar lemma) Let γ be a simple closed geodesic on the hyperbolic surface X. Then,
there exists an annular neighborhood of γ which is called the collar neighborhood of γ, whose width is
w0 given as follows:
w0 = arcsinh
1
sinh
lγ
2
,
11
Figure 9: Relation between 4y and 4ah for the case of the cusps (left) and the spikes (right).
where lγ is the length of γ.
By Lemma 3.7 and Equation (4), the following corollary follows.
Corollary 3.8. (Lengths of the collar boundary) The length r0 of the collar boundary of ∂v is as
follows:
r0 =
lv cosh
lv
2
sinh lv2
.
The following corollary is thought of as the limit case of Corollary 3.8 when lv tends to 0.
Corollary 3.9. (Cusp neighborhoods) Let C be a cusp on the hyperbolic surface X. Then, there
exists a cusp neighborhood of C whose boundary length r0 is 2. For a spike C
′, there exists a half of
the cusp neighborhood of C ′ whose boundary length r0 is 2 as the length of the decoration curve.
The lengths of these neighborhoods are sharp. Namely, there is a critical case as follows. In the
left of Figure 10, the boundaries γ1, γ2 of the neighborhood of γ are tangent. See the center of Figure
10, and regard this critical case as the case that the boundaries γ1, γ2 of the neighborhoods of two
boundary curves ∂1, ∂2 are tangent.
Suppose that there exists an edge e corresponding to a geodesic ge such that ge is homotopic to a
curve which connects ∂1 to ∂2 in the connecting neighborhoods of ∂1 and ∂2, and the enhancements
ε(∂1) and ε(∂2) are same. Lift them to the upper half plane H2. We can suppose that a lift ∂˜1 of ∂1
and a lift γ˜1 of γ1 have 0 and ∞ as their common endpoints, a lift ∂˜2 of ∂2 and a lift γ˜2 of γ2 have
x0 − c and x0 + c as their common endpoints, and a lift g˜e of ge has ∞ and x0 − c as the endpoints
(Figure 10). The hyperbolic geodesic γ˜2 is the Euclidian circle whose center is x0 + y0i expressed as
follows:
γ˜2 : (x− x0)2 + (y − y0)2 = y20 + c2.
Let θ denote the angle of ∂˜2 and γ˜2. Calculate the slope of the tangential line of γ˜2 at x0 + c, then the
following equation is obtained:
tan θ =
y0
c
.
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By the assumption that the size of neighborhoods of ∂1 and ∂2 are same, θ equals to the angle of ∂˜1
and γ˜1, and γ˜1 is expressed as follows:
γ˜1 : y =
c
y0
x.
When γ˜1 and γ˜2 are tangent, the real part of their tangent point is x0− c. Consequently, g˜e passes the
tangent point and the λ-length of e is 0. Similarly, in the critical case that two cusp neighborhoods
are tangent, the λ-length of such an edge is 0.
Figure 10: The case of that collar neighborhoods are tangent (left) and the corresponding case that
decoration curves are tangent (center and right).
In the critical case, the boundaries of these neighborhoods give the origin of the λ-length of such
an edge. The following proposition says that Definition 3.4 is the definition of the parameters of
decorations such that the origins correspond to the boundary lengths r0 of these neighborhoods.
Proposition 3.10. (Origins of decoration parameters) Let v be a vertex. Then,
dv(rv) = 0⇔ rv = r0,
where r0 is the boundary length of the neighborhood in Corollaries 3.8 and 3.9.
Proof. By Definition 3.4 and Corollaries 3.8 and 3.9, the assertion is immediately follows.
4 λ-lengths and boundary lengths
For an element of the decorated enhanced Teichmu¨ller space, the λ-length is defined as in the decorated
Teichmu¨ller space and the signed boundary length is defined as in the enhanced Teichmu¨ller space.
In this chapter, we study the relation between these parameters and the shear-decoration coordinates,
and construct the generalized λ-length coordinates of the decorated enhanced Teichmu¨ller space.
4.1 Calculations from shear-decoration coordinates
In this section, we calculate the λ-lengths and the signed boundary lengths from the shear parameters
and the decoration parameters. These calculations make the map from REi(Γ) × RV to RE(Γ) × RV i .
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Let v be a vertex and e0 be an edge which has v as an endpoint. Take the edges e1, · · · , en+1
inductively such that ek+1 is the edge next to ek for counter-clockwise as the left of Figure 11. Let xk
denote the shear parameters of ek and gk denote the geodesics of X corresponding to ek. Lift these
geodesics to the upper half plane H2 such that a lift g˜k of gk has ∞ as an endpoint.
Lemma 4.1. (Real parts of endpoints) For 1 ≤ k ≤ n+ 1, the other endpoint uk of g˜k satisfies
uk = u1 + (un+1 − u1)
∑k−1
i=1 exp(
∑i
j=2 xj)∑n
i=1 exp(
∑i
j=2 xj)
.
Proof. By definition, xk is the signed length between the base point of g˜k with respect to the triangle
which has uk−1 as a vertex and the base point of g˜k with respect to the triangle which has uk+1 as a
vertex. Then, for 1 ≤ k ≤ n,
xk = log
uk+1 − uk
uk − uk−1 . (7)
This is the recurrence formula of {uk}, and
un+1 − u1 =
n∑
i=1
(ui+1 − ui) =
n∑
i=1
(u2 − u1) exp(
i∑
j=2
xj),
uk = u1 +
k−1∑
i=1
(ui+1 − ui) = u1 +
k−1∑
i=1
(u2 − u1) exp(
i∑
j=2
xj)
= u1 + (un+1 − u1)
∑k−1
i=1 exp(
∑i
j=2 xj)∑n
i=1 exp(
∑i
j=2 xj)
.
To claim the relation between the shear parameters and the signed boundary lengths, suppose that
v is corresponding to a closed geodesic boundary and n-valent. Let ∂v denote the closed geodesic
boundary corresponding to v and lv denote the signed length of ∂v, where the sign of lv is the en-
hancement ε(∂v) of ∂v. Then, fv(z) = e
lv (z) is the hyperbolic isometry of H2 corresponding to v. For
i ∈ {0, 1}, fv(g˜i) = g˜n+i and the geodesics gi and gn+i are identified.
Proposition 4.2. (Signed boundary lengths from shear parameters) The shear parameters and the
signed boundary lengths satisfy
lv =
n∑
i=1
xi.
Proof. The endpoint uk of the lift g˜k of gk is positive if and only if ε(∂v) is positive. By Equation (7),
elv =
elvu1 − elvu0
u1 − u0 =
fv(u1)− fv(u0)
u1 − u0 =
un+1 − un
u1 − u0
=
n∏
i=1
ui+1 − ui
ui − ui−1 =
n∏
i=1
exi = exp(
n∑
i=1
xi)
and the assigned equation follows.
Proposition 4.3. (λ-lengths from shear parameters and decoration parameters)
• If e is an interior edge, the λ-length of e is
ae = xe +
∑
h∈Eh(e)
ah,
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where Eh(e) is the set of the half-edges of e and ah is the λ-length of the half-edge h calculated
as follows.
– If the endpoint v of h is a puncture vertex,
ah = dv − 1
2
n∑
i=1
xi + log
n∑
k=1
exp(
k∑
i=2
xi)− log 2,
where dv is the decoration parameter of v and x1, · · · , xn are the shear parameters of
e = e1, · · · , en as the left of Figure 11.
– If the endpoint v of h is a spike vertex,
ah = dv −
m∑
i=2
xi + log
n∑
k=1
exp(
k∑
i=2
xi),
where dv is the decoration parameter of v and x2, · · · , xn are the shear parameters of
e2, · · · , e = em, · · · , en as the center of Figure 11.
• If e is a boundary edge, the λ-length of e is
ae =
∑
δ∈{±1}
dvδ −
n+∑
i=2
x+i +
∑
δ∈{±1}
log
nδ∑
k=1
exp(
k∑
i=2
xδi ),
where dv± are the decoration parameters of v
± and x±2 , · · · , x±n± are the shear parameters of
e±2 , · · · , e±n± as the right of Figure 11.
Figure 11: The cases that v ∈ V i (left), v ∈ V b ∧ e ∈ Ei(Γ) (center) and e ∈ Eb(Γ) (right), where
Eb(Γ) is the set of the boundary edges of Γ.
Proof. First, suppose that e is an interior edge. By definition, the shear parameter xe of e is the signed
length between two base points of e, and two λ-lengths of half-edge are the signed lengths between
the respective base point and the intersection with the respective decoration curve. Then, the sum of
these three lengths equals the λ-length ae.
Consider the case that v is corresponding to a closed geodesic boundary ∂v. Let en+1 be the edge
e = e1, and lift the geodesics gk corresponding to ek to the upper half plane H2 as given in Lemma
4.1. We can suppose that a lift ∂˜v of ∂v and a lift γ˜v of the decoration curve γv have the common
endpoints 0 and ∞, u1 = ε(∂v) and un+1 = ε(∂v)elv , where ε is the enhancement and lv is the signed
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length of ∂v. Let θ denote the angle of ∂˜v and γ˜v. By Definition 3.4, Equation (3), Lemma 4.1 and
Proposition 4.2,
ah = log
|u1| 1tan θ
u2 − u1 = dv −
1
2
n∑
i=1
xi + log
n∑
k=1
exp(
k∑
i=2
xi)− log 2.
The argument for the cases of the cusps and the spikes are similar. Let en+1 be the edge e = e1 if
v corresponds to a cusp. Lift the geodesics gk corresponding to ek to the upper half plane H2 as given
in Lemma 4.1, and we can suppose that u1 = 0 and un+1 = 1. Let y denote the imaginary part of the
lift γ˜ of the decoration curve γ. By Definition 3.4, Equation (5) and Lemma 4.1,
ah = log
y
u2 − u1 = dv + log
n∑
k=1
exp(
k∑
i=2
xi)− log 2,
if v corresponds to a cusp. By Definition 3.4, Equation (6) and Lemma 4.1,
ah = log
y
um+1 − um = dv −
m∑
i=2
xi + log
n∑
k=1
exp(
k∑
i=2
xi),
if v corresponds to a spike.
Finally, suppose that e is a boundary edge. Let h+ and h− be the half-edges which have v+ and v−
as the endpoints, respectively. In this case, there is not the base point for the λ-length of h+. Define
the λ-length of h+ the signed length from the intersection with the decoration curve of v+ to the base
point for the λ-length of h−. We can calculate ah− by the same argument as the case of the spikes.
By setting gk to be the geodesics corresponding to e
+
k , we can use the same notation as the case of the
spikes. Then,
ae = ah− + log
y
1− un =
∑
δ∈{±1}
dvδ −
n+∑
i=2
x+i +
∑
δ∈{±1}
log
nδ∑
k=1
exp(
k∑
i=2
xδi ).
In the case of the boundary edges in Proposition 4.3, we can regard the equation of the λ-length
of e as in the case of the interior edges by considering the shear parameter of the boundary edge e
formally.
4.2 λ-boundary-length coordinates
In this section, we calculate the shear parameters and the decoration parameters from the λ-lengths
and the signed boundary lengths. These calculations make the inverse map from RE(Γ) × RV i to
REi(Γ) × RV and give T ax(S) the generalized λ-length coordinates.
Theorem 4.4. (λ-boundary-length coordinates) If S has at least one spike, there exists a triangulation
Γ0 of S such that the decorated enhanced Teichmu¨ller space T ax(S) of S is parametrized by the λ-
lengths of the edges of Γ0 and the signed boundary lengths of the puncture vertices. Namely, the
parameters give a homeomorphism:
T ax(S)→ RE(Γ0) × RV i .
These coordinates are called the λ-boundary-length coordinates. Theorem 4.4 is the main theorem
of this paper. In the remains of this section, we prove this theorem.
Let e be an interior edge. We consider the relation between the shear parameter of e and the
λ-lengths. Let T, T ′ be the triangles shearing e as a boundary geodesic, v1, v2, v3 be the vertices of
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T , v3, v4, v1 be the vertices of T
′, and ei,j be the boundaries of T or T ′ which have vi and vj as the
endpoints. Conveniently, regard these subscripts as the numbers modulo 4. Lift them to the upper half
plane H2. Let pi denote the intersections of e˜i,i+1 and the lifts of the decoration curves of vi. The gaps
ti denote the signed lengths along e˜i−1,i from the intersections with the horocyclic arcs which intersect
e˜i,i+1 at pi to the intersections with the lifts of the decoration curves of vi, where the directions respect
to the orientations of the boundaries of T˜ or T˜ ′ (Figure 12).
Lemma 4.5. (Gaps from shear parameters) For 1 ≤ k ≤ 4, let nk be a valence of vk, xk,1 be the shear
parameter of ek,k+1, and xk,j+1 be the shear parameters next to xk,j for counter-clockwise inductively.
If vk is corresponding to a closed geodesic boundary and k is even,
tk = xk,2 + log
∑nk
i=1 exp(
∑i
j=2 xk,j+1)∑nk
i=1 exp(
∑i
j=2 xk,j)
.
If vk is corresponding to a closed geodesic boundary and k is odd,
tk = xk,2 + xk,3 + log
∑nk
i=1 exp(
∑i
j=2 xk,j+2)∑nk
i=1 exp(
∑i
j=2 xk,j)
.
If vk is corresponding to a cusp or a spike,
tk = 0.
Proof. By definition, if vk is corresponding to a cusp or a spike, the decoration curve of vk is a horocyclic
arc and the gap tk is 0.
We consider the case of the closed geodesic boundaries. Lift the geodesics gj corresponding to the
edge which gives the shear parameters xk,j to the upper half plane H2 as given in Lemma 4.1. We
can suppose that a lift ∂˜k of the boundary ∂k and a lift γ˜k of the decoration curve γk of vk have the
common endpoints 0 and ∞, u1 = ε(∂v) and un+1 = ε(∂v)elv , where ε is the enhancement and lv is
the signed length of ∂v. Let θ denote the angle of ∂˜v and γ˜v. If k is even, ek−1,k is corresponding to
g2 and
tk = log
|u2| 1tan θ
1
tan θ
= xk,2 + log
∑nk
i=1 exp(
∑i
j=2 xk,j+1)∑nk
i=1 exp(
∑i
j=2 xk,j)
.
If k is odd, ek−1,k is corresponding to g3 and
tk = log
|u3| 1tan θ
1
tan θ
= xk,2 + xk,3 + log
∑nk
i=1 exp(
∑i
j=2 xk,j+2)∑nk
i=1 exp(
∑i
j=2 xk,j)
.
Lemma 4.6. (Shear parameters from λ-lengths and gaps) The shear parameter of e is
xe =
1
2
(a1,2 − a2,3 + a3,4 − a4,1 + t1 − t2 + t3 − t4),
where ai,j are the λ-lengths of ei,j .
Proof. For 1 ≤ k ≤ 4, the λ-length ak,k+1 of ek,k+1 is the sum of two signed lengths from the base
points of T˜ or T˜ ′ on e˜k,k+1 to the intersections with the lifts of the decoration curves of vk and vk+1.
Let denote ak be the first term of this sum ak,k+1. Then,
a1,2 = a1 + (a2 + t2),
a2,3 = a2 + (a3 + t3 − xe),
a3,4 = a3 + (a4 + t4),
a4,1 = a4 + (a1 + t1 − xe),
and the assigned equation follows.
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Figure 12: Gaps between the horocyclic arcs and the decoration curves.
Lemma 4.6 gives the relation between the shear parameters and the λ-lengths, however we need
to solve the equations because the gaps tk are expressed by the shear parameters. By Proposition 4.2
and Lemma 4.5, tk are 0 if vk are corresponding to cusps or spikes, and tk are the signed boundary
lengths of vk if the valences of vk are 1. The equations are solvable for the shear parameters when the
triangulation is special.
Proposition 4.7. (Shear parameters from λ-lengths and signed boundary lengths) Suppose that any
vertex of V i is 1-valent, then it is classified into three cases:
• v1 is a puncture vertex, v2, v3, v4 are spike vertices and
xe =
1
2
(a1,2 − a2,3 + a3,4 − a4,1 + 2l1),
where l1 is the signed boundary length of v1.
• v2 is a puncture vertex, v1, v3, v4 are spike vertices and
xe =
1
2
(a1,2 − a2,3 + a3,4 − a4,1 − l2),
where l2 is the signed boundary length of v2.
• v1, v2, v3, v4 are spike vertices and
xe =
1
2
(a1,2 − a2,3 + a3,4 − a4,1).
Proof. First, suppose that v1 is a puncture vertex. By the assumption, the valence of v1 is 1, then
e = e1,2 = e4,1, v2 = v3 = v4 and e 6= e2,3 = e3,4. v2 is a spike vertex since the valence of v2 is more
than 1. By Proposition 4.2 and Lemmas 4.5 and 4.6, t1 = 2xe = 2l1, t2 = t3 = t4 = 0 and the assigned
equation follows.
Second, suppose that v2 is a puncture vertex. By the assumption, the valence of v2 is 1, then
e1,2 = e2,3 and v1 = v3. v1 is a spike vertex since the valence of v1 is more than 1. By Proposition 4.2
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and Lemmas 4.5 and 4.6, t2 = x1,2 = l2 where x1,2 is the shear parameter of e1,2, t1 = t3 = t4 = 0 and
the assigned equation follows.
Finally, suppose that v1, v2, v3, v4 are spike vertices. By Lemmas 4.5 and 4.6, t1 = t2 = t3 = t4 = 0
and the assigned equation follows.
Let v be a vertex. We consider the calculation of the decoration parameters from the λ-lengths.
Take a triangle T which has v as a vertex, v1 = v, v2, v3 denote the vertices of T , and ei,j denote
the boundaries of T which have vi and vj as the endpoints. Let t1, t2, t3 denote the gaps between the
horocyclic arcs and the lifts of the decoration curves along e˜3,1, e˜1,2, e˜2,3, respectively.
Proposition 4.8. (Decoration parameters from shear parameters and λ-lengths) The decoration pa-
rameter of v is
dv =
1
2
(a1,2 − a2,3 + a3,1 − t2 + t3 − x3,1
+
n∑
i=1
xi − log
n∑
k=1
exp(
k∑
i=2
xi)− log
n∑
k=1
exp(
k∑
i=2
xi+1)) + log 2,
where x1(= xn+1), · · · , xn are the shear parameters of e1,2 = e1, · · · , en as the left of Figure 11, if v is
a puncture vertex. Then,
dv =
1
2
(a1,2 − a2,3 + a3,1 − t2 + t3) +
m∑
i=2
xi − log
n∑
k=1
exp(
k∑
i=2
xi)
where x2, · · · , xn are the shear parameters of e2, · · · , e1,2 = em, · · · , en as the center of Figure 11, if v
is a spike vertex.
Proof. Use the equations of a1,2, a2,3, a3,1 in Proposition 4.3, eliminate the terms of the decoration
parameters dv2 , dv3 of v2, v3, and the equation of dv is obtained. Let h1 and h3 be the half-edges of e1,2
and e2,3 which have v2 as the endpoints, respectively. If v2 is a puncture vertex, the second terms and
the constant terms of ah1 , ah3 are eliminated, and −x1,2 and the third terms of ah1 , ah3 are deformed
to −t2. If v2 is a spike vertex, the third terms of ah1 , ah3 are eliminated, and −x1,2 and the second
terms of ah1 , ah3 are deformed to −t2 = 0. For v3, it is similar argument of v2.
We consider the independence of dv from the choice of the triangle T . Let T
′ be the triangle
adjacent to T along e3,1, v3, v4, v1 be the vertices of T
′, t′i be the gaps for T
′, and d′v be the assigned
equation for T ′. By Lemmas 4.5 and 4.6,
dv − d′v = −x3,1 +
1
2
(a1,2 − a2,3 + a3,4 − a4,1 + t1 + t′1 − t2 + t3 + t′3 − t′4) = 0,
where tk + t
′
k are the gaps of vk for odd numbers k in Lemma 4.6.
Proposition 4.8 shows that we can calculate the decoration parameters from the λ-lengths and
the signed boundary lengths if the shear parameters are calculated. If S has a spike, there exists a
triangulation of S such that any vertex of V i is 1-valent. Actually, take a spike vertex v0, join the
puncture vertices v to v0 by edges ev, surround v and ev with the edges e
′
v which have v0 as both of
the endpoints, triangulate the remaining area, and such a triangulation is obtained.
By Theorem 3.5 and Propositions 4.2, 4.3, 4.7 and 4.8, Theorem 4.4 follows.
4.3 Examples
The assertion of Theorem 4.4 also holds true when the assumption is that any puncture vertex is 2-
valent and any spike vertex is 3-valent, because the equation of the λ-length for several shear variables
can be deformed to the equation for one shear variable. Actually, there are only two topological types
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of the reference surface, which has a triangulation satisfying this assumption and no triangulation
satisfying the assumption of Theorem 4.4. In this section, we consider the coordinate transformation
between the shear-decoration coordinates and the λ-boundary-length coordinates of these two surfaces.
Figure 13: Three-punctured sphere (left) and once punctured bigon (right).
Example 4.9. (Three-punctured sphere) Let S be the three-punctured sphere. For i, j ∈ {1, 2, 3}, vi
and ei,j denote the vertices and the edges as the left of Figure 13. Let xi,j denote the shear parameters
of ei,j , di denote the decoration parameters of vi, ai,j denote the λ-lengths of ei,j , and li denote the
signed boundary lengths of vi. By Propositions 4.2 and 4.3,
ai,j =
∑
l∈{i,j}
(dl + log cosh
1
2
xk,l),
li = xi,j + xi,k,
for i, j, k with {i, j, k} = {1, 2, 3}. Because of the valence of the vertices, we can solve the equation for
the shear parameters and the decoration parameters:
xi,j =
1
2
(li + lj − lk),
di =
1
2
(ai,j + ai,k − aj,k)− log cosh 1
4
(lj + lk − li),
for i, j, k with {i, j, k} = {1, 2, 3}.
Example 4.10. (Once punctured bigon) Let S be the once punctured bigon. For i, j ∈ {1, 2, 3}, vi
and ei,j denote the vertices and the edges as the right of Figure 13. Set the parameters as Example
4.9. By Propositions 4.2 and 4.3,
a1,i = d1 + di +
∑
k∈{2,3}
log cosh
1
2
x1,k + log 2,
ai,j =
1
2
(x1,i − x1,j) +
∑
k∈{2,3}
(dk + log cosh
1
2
x1,k) + 2 log 2,
l1 = x1,2 + x1,3,
for i, j with {i, j} = {2, 3}. Because of the valence of the vertices, we can solve the equation for the
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shear parameters and the decoration parameters:
x1,i =
1
2
(l1 + ai,j − aj,i),
d1 =
1
2
(a1,2 + a1,3)−
∑
{k,l}={2,3}
(
1
4
ak,l +
1
2
log cosh
1
4
(l1 + ak,l − al,k)),
di =
1
2
(a1,i − a1,j) + 1
4
(ai,j − aj,i)−
∑
{k,l}={2,3}
(
1
2
log cosh
1
4
(l1 + ak,l − al,k))
− log 2,
for i, j with {i, j} = {2, 3}.
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